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Abstract Under the trend of economic globalization and lean production, how to cope with the
costs in the supply chain is a core issue to be considered in the operation and
management of enterprises. In this paper, we construct a supply chain system consisting
of a supplier and a manufacturer who buys components from the supplier to produce
finished products and then sells them to consumers. Considering the potential product
recalls and the existence of cost-sharing contracts among supply chain members, we
constructed game models for the non-cooperative and cooperative scenarios respectively,
and explored how supply chain members adjusted their advertising media and quality
investments to cope with the product recalls in both scenarios; we also explored the
coordinating effects of the cost-sharing contracts on the supply chain through the
comparisons of the two scenarios. The study finds that: Manufacturers can effectively
incentivize suppliers to invest more in primary quality and improve product quality
through cost-sharing contracts. The effectiveness of cost-sharing contracts in
coordinating the supply chain is affected by the likelihood of recalls and the extent of
recall damage, and cooperation can only be achieved when both are relatively small.
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Introduction

In recent years, recalls of defective products occur frequently. Toyota's pedal failure incident, Samsung’s
phone battery explosion incident, IKEA chest of drawers injury children incident and so on, every
incident has caused widespread concern in society. Product quality management and recall regulatory
issues have been troubling the public. In 2023, Chinese government issued the "Outline of the
construction of a strong quality country" clearly pointed out that we must " improve the product recall
management system and mechanism, strengthen the technical support of recall, strengthen the
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defective product recall management, and effectively safeguard the rights and interests of consumers
and social and public safety". The General Administration of Market Supervision (GAMS) adheres to the
principle of integration and development, strengthens the regulation of recalls, and introduces a
number of policies to encourage enterprises to carry out the practice of safety design and promote the
high-quality development of the industry. Product recalls are prevalent in electronic and electrical
appliances, and automotive industries, and by the end of 2022 China had implemented a cumulative
total of 2,628 automobile recalls involving 95,87,000 vehicles; and a cumulative total of 4,114 consumer
product recalls involving 90,238,000 products, with electronic and electrical consumer products
accounting for as much as 83.8% of the total.

With defective product recalls increasing year after year, the related issues have attracted the
attention of scholars. Previous studies have mainly explored the following three aspects: (1) The
consequences and internal mechanism of product recall. Product recall not only leads to the direct costs
caused by collecting, replacing or repairing defective products in the short term, but also damages
product goodwill, corporate image, and leads to a decline in sales in the long term. (Liu et al. 2017).
From the perspective of consumers, product recall can significantly affect consumers' purchase
intention (Wei et al. 2016). Product recall leads to an increase in investor expectations of enterprise
costs, affecting investors' confidence, which then triggers divestment or selling stock, ultimately leading
to the loss of stock returns (Shah et al. 2017). (2) Boundary conditions affecting product recalls.
Government regulation, social opinion and etc. are the main external factors affecting corporate recall
(Wang et al. 2017; Wei et al. 2016). From the perspective of internal corporate perspective, the severity
of product quality crisis affects the speed of corporate recall, and it will strengthen the speed of
corporate product recall if product defects affect consumers' personal safety(Eilert et al.2017). (3)
Post-recall responses. Borah et al. (2016) shows that at the post-crisis stage, enhanced investments in
advertising can mitigate the damage caused by lack of consumer trust. Lu et al. (2020) consider the
different roles of manufacturers’ and retailers’ advertisements and use differential games to study
manufacturers' brand advertisements strategies and retailers' promotional advertisement strategies,
finding that manufacturers enhance their investments in advertisements at the onset of a crisis, while
retailers always reduce their advertisement investments. Navas et al. (2021) investigate the synergistic
effect between advertising and quality improvement and find that pre-crisis quality improvement not
only contributes to the accumulation of pre-crisis goodwill, but also helps to recover goodwill after the
crisis. Mukherjee et al. (2023) studied firms' equilibrium pricing, advertising, and quality investment
decisions during the recall phase and subsequent recovery phase. While most of the above studies are
based on the when and after stages of product recalls, our paper focus on the pre-recall stage. Because
time is of the essence in product recalls, a timely response is of great importance in controlling the
public opinion on product recalls as well as maintaining product goodwill and corporate image. In
September 2020, Guangzhou Automobile Honda had a relatively small-scale recall event, with 10,386
units recalled, and the corporate announcement showed that the recall began to be implemented three
days later, which was a quick action, and the handling of the recall event was positively recognized by
the market.

Most manufacturing companies can face product recalls, even if not within the organization,
problems can occur at some point in the supply chain leading to a recall event. Product recalls occur
when a product threatens consumer safety or fails to meet specific standards that may be mandated or
spontaneously adopted by the industry (Cleeren et al. 2017). In 2010, Toyota recalled 2.3 million
vehicles, the stock price fell 22% in two weeks (Lister. 2010), and the reliability rating of the product
dropped from 95% to 72% (Dong et al. 2021), the recall was due to a problem with the manufacturing
of the supplier of the gas pedals; in 2016, Samsung recalled the Galaxy Note 7 series of cell phones,
which caused Samsung's high-end cell phone market share from 35% to 17% (Pressman. 2017), with
the recall attributed to problems with the battery supplier's manufacturing; and in 2018, Tesla
announced a recall of 123,000 vehicles, with the stock price dropping 5.1% in just four days (Kim.
2018), with the recall attributed to problems with the supplier's manufacturing of the power steering
components. The quality investment of each link in the supply chain jointly affects product quality, and
any problem in any link results in a product recall, which will lead to a decline in consumer confidence
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in product quality, a decline in market demand, and thus affect the profitability of the enterprise.
Therefore, this paper incorporates the quality investment of upstream suppliers into the product
quality dynamics, the product quality level is affected by the quality investments of suppliers and
manufacturers.

In view of the above, we consider a supply chain consisting of a supplier and a manufacturer, where
the manufacturer buys components from the supplier to produce a product and then sells it to
consumers. There are potential component defects that lead to product recalls and damage product
goodwill, which in turn affects market demand and reduces firm revenue. In this paper, we develop a
dynamic Stackelberg game model based on product quality and product goodwill, and investigate how
manufacturer and supplier consciously inject resilience into their operations by formulating advertising
and quality strategies to prepare for product recall, and how the two parties in the supply chain will
coordinate the costs associated with product recall. In the Stackelberg game, the supplier is the leader
and the manufacturer is the follower. The supplier first publishes its primary quality investments, and
then the manufacturer decides its secondary quality investments based on the supplier's primary
quality investments. Next, the manufacturer develops an advertising media investments decision with
known quality status

The rest of the paper is organized as follows: Section 2 describes the studies in the related
literature. Section 3 describes the model construction. Section 4 describes the model solution and
correlation analysis. Section 5 performs the numerical analysis. In Section 6, we conclude the paper and
provide an outlook on future research directions.

Literature review

Our research involves two main research directions: supply chain coordination management and
product recall management.

Literature related to supply chain coordination management

Designing appropriate coordination contracts to improve supply chain performance has been of wide
interest to scholars. Yoo and Cheong (2018) studied the effect of coordination contracts on supply chain
product quality in static games; Buratto et al. (2019) investigated the impact of cooperative advertising
contracts on supply chain product quality in dynamic games, and there is also a dynamic game literature
on cooperative quality management through revenue-sharing contracts (El Ouardighi,2014)，Yong long
(2019) used an electric vehicle battery replacement station as an example to explore how the channel of
a battery replacement station with lease-perishable characteristics can be managed through
appropriate wholesale price and repurchase price contracts for coordination. Mohammad et al. (2022)
introduce revenue sharing contract in media supply chain based on data mining and multi-criteria
decision making method, and find that revenue sharing contract leads to the improvement of actors'
performance quality. Ma et al. (2020) construct a green supply chain system consisting of
manufacturers and retailers, and study the cost sharing contract under uncertain information in the
supply chain coordination problem and found that the profits of manufacturers and retailers in the
cost-sharing case are higher than those in the distributed supply chain case. Liu et al. (2018)
constructed a collaborative contingency inventory model to cope with supply disruptions and found
that under the cost-sharing mechanism, the profits of manufacturers are smaller than those before
coordination, while the profits of suppliers are larger than those before coordination, but the total
profits of the whole supply chain become larger.

Literature related to product recall management

Product recall has a significant impact on supply chain performance, so supply chain decisions that
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consider product recall has received extensive attention: The literatures on supply chain performance
from the perspective of product recall is divided into two main areas: First, the probability of product
recall occurring or the cost of product recall can be reduced by establishing a supply chain traceability
system or improving traceability capabilities. Piramuthu et al. (2013) Based on RFID technology to
monitor the degree of defective food hazards and contamination source localization in perishable food
supply chain network to reduce the cost of corporate recall. Epelbaum and Martinez (2014) found
through empirical research that supply chain product traceability system can reduce the cost of product
recall and improve the performance of the enterprise. Dai et al. (2015) through supply chain traceability
system design, the information of each unit/batch of products or components can be tracked and traced
to reasonably allocate the product recall cost, stimulate the supply chain enterprises to maintain
consistent interests, and optimize the profit of the whole traceability chain. The second is to reduce the
impact of product recalls on supply chain performance through the design of contracts between supply
chain members. Dai et al. (2015) study the product recall problem in a secondary supply chain
consisting of a manufacturer and two suppliers and find that a profit-sharing contract improves the
economic profit of supply chain members. Chakraborty et al. (2023) study the impact of product recall
on supply chain performance by constructing a manufacturer and supplier insurance contract model to
study the changes in quality and pricing strategies before and after product recall, and found that it is
always better for manufacturers to bear more cost related costs after product recall. The essence of
insurance contracts is cost sharing, which improves the overall performance of the supply chain by
sharing the costs associated with product recall. Insurance contracts have also received extensive
attention from scholars in enhancing enterprise cost management. Wang and Luo (2015) study the
optimal insurance contract design and ordering decisions of supply chain members under a capital
constraint scenario. Dong and Tomlin (2012) study the relationship between business interruption
insurance and operational metrics and find that insurance increases the marginal value of inventory and
the overall value of emergency purchases. Serpa and Krishnan (2016) find that insurance contract can
reduce the free-rider problems and increase the efficiency of cost management.

Model formulation

Consider a supply chain consisting of a manufacturer (M) and a supplier (S), where the manufacturer
buys specific parts from the supplier to produce finished products and sells them to consumers.
Manufacturer's setup for recalling products due to defective parts from suppliers is reasonable. For
example, in September 2020, GAC Honda had a relatively small recall of 10,386 vehicles due to a
defective voltage converter manufactured by a supplier, unrelated to the company's own manufacturing
process. A product recall occurs at any random time in an infinite planning horizon 0, . The infinite

planning horizon is divided by into two stages: Pre-recall stage  0, and post- recall stage  ,  . In

this paper, index  j 1,2 are used to denote the pre-recall stage ( =1j ) and the post-recall stage ( =2j ),
respectively. According to the settings of Lu and Navas (2021) and Mukherjee and Chauhan (2021),
define a stochastic process  ( ) : 0t t  to represent the stages before and after a product recall,
where ( ) 1   indicates the pre-recall stage and ( ) 2   indicates the post-recall stage. ( )t indicates the
likelihood of a product recall occurring at a random time, i.e.

t 0

[ ]lim ( ).P t t t t
t 

         
 


Similar to the setting in Rubel (2018), this paper assumes that

product recalls occur only once, and τ following an exponential distribution which expectation is
1

, i.e.

( )t   .
Manufacturer collaborate supplier on quality management to prevent product recalls and improve

customer satisfaction. For example, Toyota Motor in total quality management, involves suppliers in the
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product development process and supervises every process in product development to control the
overall quality of the product (Mukherjee et al. 2023). Based on the upstream and downstream
relationships of supply chain members, this paper names the supplier's quality investments as primary
quality investments ( ),u t Manufacturer's quality investments are named secondary quality
investments ( ).v t Product quality is a communal attribute of suppliers and manufacturers investments,
The quality of the product at the moment t is ( )Q t and satisfies the following dynamic process:

( ) ( ) ( ) ( )Q t u t v t Q t   


, 0(0)Q Q . (1)
 , are positive coefficients, indicating the effectiveness of primary investments and secondary quality
investments on product quality improvement, respectively.  indicates the depreciation rate of product
quality. 0 0Q  is the initial quality level of the product.

In the information age, the advertising media, as a bridge of information dissemination to the
public, conveys objective information on the causes, effects, and countermeasures of the recall event to
the public at each stage, and plays a role in rallying people's faiths. Helena et al. (2020) found a 43%
decrease in advertising effectiveness during product recall compared to pre-crisis. Mukherjee et al.
(2023) suggest that product recall reduce the effectiveness of advertising investments on goodwill
improvement. Chauhan et al. (2021) argue that product recall accelerate the natural rate of goodwill
decay. In this paper, we denote the manufacturer's advertising investments at moment t by ( )A t . In
order to characterize the change of product goodwill before and after recall, with reference to Lu et al.
(2020), the dynamic process of product goodwill ( )G t is defined as:

1 0

2

( )+ ( ) ( ),  0 ,  (0) ,
( )

( )+ ( ) ( ),  ,  ( ) (1 ) ( ),

k A t bQ t G t t G G
G t

k A t bQ t G t t G G



 


     
 

       


(2)

where b represents the impact of product quality on goodwill. 1 and 2 are the decay rates of
goodwill at the pre-recall and post-recall stages, respectively. 1k and 2k denote the effects of the
manufacturer's advertising investments on goodwill in the two stages. The pre-recall stage is more
effective than the post-recall stage in terms of advertising investments, and the natural decay rate of
goodwill is slower, i.e. 1 2,k k      This means that manufacturers wanting to achieve the same
level of goodwill at the post-recall stage as they did at the pre-recall stage will have to invest more in
advertising. 0 0G  is the initial value of the perceived quality of the product, and the effect of a product
recall on the state of goodwill is represented by a jump in the state variable, namely

( ) (1 ) ( )G G     , where ( )G   and ( )G   are the product goodwill before and after the recall
moment , denotes the shock to goodwill from a product recall, with a larger shock implying a larger
decline in goodwill. The larger the product recall shock, the larger the corresponding 2 11 2,  .k k    

With reference to De Giovanni (2019), this paper defines the market demand for a product as a
linear function of price and goodwill. Demand relies negatively on the exogenous price p and positively
on the goodwill status of the product, so the dynamic process of demand is denoted as:

( ) ( ),D t a p G t   (3)
wherea denotes market potential, and denote the sensitivity of demand to goodwill, respectively.
By the eight dimensions of product quality that Garvin (1988) pioneered in measuring product

quality: Consistency is the ability of a product or service to meet a specific standard. Consistency can be
viewed as a protective measure taken by the supplier in response to a product recall, while quality
improvement is a revised measure taken by the supplier due to product defects. Referring to
Chakraborty et al. (2023), this paper assumes that the supplier's primary quality investments cost at
time t is the sum of the consistency quality cost and the quality improvement cost, denoted by ( ) :SC t

2 21 1( ) ( ) (1 ) ( ).
2 2

SC t u t u t     (4)
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21 (1 ) ( )
2

u t  denotes the consistency quality cost and is the consistency quality cost coefficient. At

the post-recall stage 0,  the consistency quality cost is 21 ( );
2
u t At the pre-recall stage (0,1] , the

greater the likelihood of a product recall occurring, the smaller the cost of consistency quality, implying

that the supplier is less concerned about the product recall. 21 ( )
2
u t denotes the quality improvement

cost and  is the quality improvement cost coefficient. Similarly, the manufacturer's secondary quality
investments costs and advertising investments costs are defined in quadratic form, i.e.

21 ( )
2
v t and 21 ( ).

2
hA t ,h are the cost parameters of the manufacturer's secondary quality investments

and advertising investments, respectively.
We assumed that the manufacturer and the supplier are rational and that both seek to maximize

the profits of their respective firms. The profit of the supplier at moment t in the two phase denote
by S1( )t and S2 ( )t , respectively; The profit of the moment t manufacturer at the two stages denoted

by M1( )t and M2 ( )t , respectively. The specific expressions are as follows:

2 2
1

2 2
2

1 1( ) (t) (1 )(1 ) ( ) (1 ) ( ),0 ,
2 2
1 1( ) (t) (1 ) ( ) (1 ) ( ), ,
2 2

S

S

t wD u t u t t

t wD u t u t t

  

  

          

        


(6)

2 2 2 2
1

2 2 2 2
2

1 1 1 1( ) ( ) (t) ( ) ( ) ( ) (1 ) ( ),0 ,
2 2 2 2
1 1 1 1( ) ( ) (t) ( ) ( ) ( ) ( ),
2 2 2 2

M

M

t p w D v t hA t u t u t t

t p w D v t hA t u t u t t

    

   

           

        


。

(7)

where is the cost-sharing ratio. Because the brunt of a product recall affects the manufacturer
that sells the product, manufacturers have an incentive to work with suppliers in order to respond and
address the incident as quickly as possible, covering a portion of the costs of supplier. When 0  ,
there is no cost-sharing contract between the manufacturer and the supplier, and the supplier alone
bears for all quality improvement costs and the product recall costs; when (0,1)  , there is a
cost-sharing contract between the supplier and the manufacturer. Table 1 summarizes all the
parameters involved in this paper and their meanings.

Table 1: Parameters and their meanings
parameters




1k


2k



b

Hidden meaning
Effectiveness of primary quality efforts
Effectiveness of secondary quality efforts
Natural decay rate of product quality
The Impact of Advertising Investment on Goodwill
in the Pre-Recall Stage
Natural decay of product goodwill in the pre-recall phase
The Impact of Advertising Investment on Goodwill
in the Post-Recall Stage
Natural decay of product goodwill in the post-recall phase
market potential
The impact of product quality on goodwill.
Market Potentials
Demand sensitivity to goodwill
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a






h


Product recall options
Product Recall Shock
Supplier quality improvement component cost factor
Supplier consistency quality component cost factor
Manufacturer's cost factor for secondary quality inputs
Manufacturer's advertising input cost factor
Proportion of costs that manufacturers help suppliers bear of
a product recall

Model Analysis

This section uses the inverse-order induction method to solve for the optimal quality and advertising
investments of supply chain members in cooperative and non-cooperative scenarios. The proof
procedure of the propositions and Corollaries are shown in the Appendix.

Non-cooperation scenario ( N )

In the non-cooperative scenario, manufacturers and suppliers make their decisions independently and
there is no cost-sharing contract between the members, i.e. 0  First solve for the manufacturer's
optimal quality and advertising investments decision at the post-recall stage, and then solve for the
supplier's and manufacturer's optimal quality and advertising investments decisions at the pre-recall
stage.

Post-recall stage for products in non-cooperative scenario

The optimal control problems for the manufacturer and supplier at this stage are:

2

2 2

( ), ( )

2

0

1 1max (( ) ( ) ( ) ( ))
2 2

. . ( ) ( ) ( ) ( ),  ( ) (1 ) ( ),

( ) ( ) ( ) ( ),  (0) ,

rt

v t A t
e p w D t v t hA t dt

s t G t k A t bQ t G t G G

Q t u t v t Q t Q Q




   

  

 

 

   

     
    






2

2 2

( )

2

0

1 1max ( ( ) ( ) ( ))
2 2

. . ( ) ( ) ( ) ( ),  ( ) (1 ) ( ),

( ) ( ) ( ) ( ),  (0) .

rt

u t
e wD t u t u t dt

s t G t k A t bQ t G t G G

Q t u t v t Q t Q Q


 

   

  

 

 

  

     
    


g

g

Applying the dynamic planning approach, it can be seen that the Hamilton-Jacobi-Bellman (HJB)
equations for the manufacturer and the supplier at the post-recall stage of the product recall are:

N
N 2 2 M2 2M2 ,

N
M22

1 1( , ) max[( )( ) (
2 2

) ( )],

v A

VrV G Q p w a p G v hA k A bQ
G

VG u v Q
Q

 

   


       




   


(10)

(8)

(9)
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N
N 2 2 S2

2 2S2

N
S2

1 1( , ) max[ ( ) ( )
2 2

( )],

u

VrV G Q p a p G u u k A bQ G
G

V u v Q
Q

   

  


       




  


(11)

where superscript N denotes a non-cooperative scenario, N
M2V , N

S2V respectively denote the optimal
value functions of the manufacturer and supplier at the post-recall stage, and satisfy the boundary
condition N

M2lim 0,rt

t
re V


 N

S2lim 0.rt

t
re V


 The feedback solution of the Stackelberg game in the

non-cooperative scenario is obtained by solving the HJB equations (10) and (11) , Proposition 1 shows
the firm's equilibrium decision and optimal value function at the post-recall stage in the
non-cooperative scenario.

Proposition 1 In the non-cooperative situation, the optimal advertising and secondary quality
investments of the manufacturer and the optimal primary quality investments of the supplier at the
post-recall stage are:

2N
2

2( )h
A p w k

r
 

 


）
, (12)

2

N
2

( )
( )( )
bv p w
r r




 


 

 , (13)

2

N
2 ( )( )( )
u w b

r r


 


 



. (14)

The optimal value function of manufacturer and supplier at the post-recall stage are:

1
2 2

N
M2

( ) ( )
( )( )

V p w b p wG Q F
r r r

 
  
 


  

 
, (15)

2

N
S2 2

2
,

( )( )
V w wG Q F

r r r
b 

  
 

 



(16)

where  N N N
0

tQ Q Q e Q 
    , 2 NN

0
N( )e tG G G G
    are the optimal paths for product

quality and goodwill, respectively. The steady states of product optimal quality and goodwill

are
2 2 2 2 2

2

N ( ) ,
( )( )( )

Q b w p w p w
r r

          
     




  
  

N N 2 2
2

2 2

N 2 2

( )
G

h
Q bhr Q bh k p k w

r
  

 
 



 





. The

expressions of 1F , 2F are shown in the appendix due to their complexity.
The equilibrium strategies in Proposition 1, such as manufacturers' advertising investments,

secondary quality investments, and suppliers' primary quality investments, are independent of the
likelihood of a product recall. In other words, the decision of these enterprises are not affected by the
change in the likelihood of a recall. The reason for this is that at this stage, recalls have already occurred
and decisions are based on existing facts and status quo. Further observation reveals that all three
investment strategies increase incrementally. The positive utility of product goodwill for consumer
demand increases as consumers become more concerned about product goodwill. In this context,
suppliers and manufacturers pay more attention to product quality improvement and tend to invest
more quality efforts to improve product quality. At the same time, manufacturers are willing to increase
their advertising investment to improve product goodwill, even if this means higher marketing costs.
This dual effect - improved product quality and increased marketing investment - together drive further
improvements in product goodwill.

Pre-recall stage for products in non-cooperative scenario
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Although the firm had expected the probability of a product recall to be , but the moment when the
recall occurs is still uncertain. Referring to Mukherjee et al. (2023), suppliers and manufacturers seek to
maximize their expected profit at this stage. The expected profit of the supplier and the manufacturer is
the average of the profit at the pre-recall stage and the post-recall stage, using N

S ( )t and N
M ( )t to

denote the expected profit of the supplier and the manufacturer, respectively:
N N
S1 S1 S20

N N
M1 M1 M20

( ) [ ( ) ( )],

( ) [ ( ) ( )],

rs r
t

rs r
t

t E e s ds e J

t E e s ds e J

 

 

 

 

 

 

  

  




(17)

where N
M2 M2( ) ( )rtJ e t dt

 


  and N

S2 S2( ) ( )rtJ e t dt
 


  denote the present value of the

manufacturer's and supplier's profits at the moment , respectively. Equation (12) can be transformed
according to the integration by parts and algebraic operations:

N ( ) N
S1 S1 S20

N ( ) N
M1 M1 M20

( ; ) ( ( ) ( ))

( ; ) ( ( ) ( )) ,

r t

r t

t e t J t dt

t e t J t dt





  

  

  

  

  

  




，
(18)

hence the optimal control problems for the manufacturer and the supplier at the pre-recall stage of
the product are given by:

( ) 2 2 N
M20, ( )

1 1 0

0

1 1max (( ) ( ) ( ) ( ) ((1 ) , ))
2 2

. . ( ) ( ) ( ) ( ),  (0)

( ) ( ) ( ) ( ),  (0)

r t

v t A t
e p w D t v t hA t V G Q dt

s t G t k A t bQ t G t G G

Q t u t v t Q t Q Q

   



  

       

    
    






（）

，

，

( ) 2 2 N
S20

1 1 0

0

1 1max ( ( ) ( ) (1 ) ( ) ((1 ) , )
2 2

. . ( ) ( ) ( ) ( ),  (0)

( ) ( ) ( ) ( ),  (0) .

r t

u t
e wD t u t u t H V G Q dt

s t G t k A t bQ t G t G G

Q t u t v t Q t Q Q

     



  

        

    
    






（）

，

Applying the dynamic planning approach, the HJB equation for the manufacturer and supplier at
the stage before the product recall are:

N
N 2 2 M1 1 1M1 ,

N
N NM1

M2 M1

1 1( , ) max[( )( ) ( )
2 2

( ) ( ((1 ) , ) ( , ))],

A v

VrV G Q p w a bp G v hA k A bQ G
G

V u v Q V G Q V G Q
Q

  

    


        




     


(21)

N
N 2 2 S1

1 1S1

N
N NS1

S2 S1

1 1( , ) max[ ( ) (1 ) ( )
2 2

( ) ( ((1 ) , ) ( , ))].

u

VrV G Q w a bp G u u k A bQ G
G

V u v Q V G Q V G Q
Q

    

    


        




     


(22)

where the superscript N denotes the non-cooperative scenario, N N
M1 S1,V V denote the optimal value

functions of the manufacturer and the supplier at the pre-recall stage. They also satisfy the boundary
conditions N

M1lim 0,rt

t
re V


 N

S1lim 0.rt

t
re V


 The additional

terms N N N N
M2 M1 S2 S1((1 ) , ) ( , ), ((1 ) , ) ( , )V G Q V G Q V G Q V G Q     denote the change of the

(19)

(20)
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manufacturer’s and the supplier’s expected profits from the pre-recall stage to the post-recall stage. By
solving the HJB equations (16) and (17), the feedback solution of Stackelberg game in the
non-cooperative scenario is obtained. Proposition 2 shows the equilibrium decision making and optimal
value function of the firms at the pre-recall stage in the non-cooperative scenario.

Proposition 2 In the non-cooperative scenario, the optimal advertising and secondary quality
investments of the manufacturer and the optimal primary quality investments of the supplier at the
pre-recall stage are:

2N
1

1

2 1

( ) ( ) ,
( )( )

p w r k
r

A
r h

   
  

  
 







(23)

2 2
2 1 2

2 1

N
1

( )( (( 2) ) ((1 ) ) ) ,
( )( )( )( )

v p w r r b
r r r r

           
      

          
   


 

(24)

2 2
2 1 2

2 1

N
1

( 2 ) .
( )( )( )( )( )

w b r r r r r
r

u
r r r

          
        
        
      




(25)

The optimal value function at the pre-recall stage of manufacturer and supplier are:
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where  N )
0 0( ) ,N tQ Q Q e Q     N )

0 0( ) .N tG G G e G    N N,Q G is the optimal path

of product quality and product goodwill at the pre-recall stage, respectively. 3 4,F F expressions are
shown in the appendix due to their complexity.

The equilibrium solution in Proposition 2 is the same as that in Proposition 1, which shows

that
N N N
1 1 1v0,  0,  0.u A
  

  
  

  
when consumers pay more attention to the quality of goods,

manufacturers and suppliers would increase their quality and advertising investments in order to
improve product quality and goodwill and better satisfy consumers' demand. However, unlike the
equilibrium state at the post-recall stage, at the pre-recall stage, the supply chain equilibrium decision is
closely related to the likelihood of a recall and the recall shock, and presents

that
N N N
1 1 1v0,  0,  0.u A
  

  
  

  
specifically, the three decision variables, namely, manufacturers'

advertising investments, secondary quality investments, and primary quality investments of suppliers,
all decrease with the recall shock. This is because, as the recall shock increases, firms face greater costs
of reputational and financial losses, which prompts them to allocate resources more cautiously,
weighing short-term profits against long-term development, and to reduce investment in advertising
and quality improvement.

Corollary 1: There exists a threshold
1 2*

1 r
 






,when *  ,there is
N

1 0.A






or else

N
1 0.A






Corollary 1 suggests that a manufacturer's advertising strategy is closely related to the likelihood of

a crisis occurring as well as to the level of crisis damage. Specifically, when firms anticipate that the
potential damage from a crisis is below a specific threshold as described above, manufacturers tend to
increase their advertising expenditures as the likelihood of a crisis increases. However, when the impact
of a crisis exceeds this threshold, i.e., when the potential damage becomes severe, the manufacturer's
advertising strategy changes and chooses to reduce advertising investment as the likelihood of a crisis
increases. This is because, in the face of small potential damages, manufacturers may consider it an
effective strategy to reduce the impact of the crisis on sales by increasing advertising investment to
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strengthen brand image and consumer confidence. However, when the crisis impact exceeds this
threshold, on the one hand, the excessive level of crisis damage leads to a significant cut in the
effectiveness of advertising investment, increasing the financial burden of the firm, and on the other
hand, the possibility of negative effects of advertising investment makes manufacturers more cautious
in advertising investment.

Scenario of cooperation ( C )

Cost-sharing contracts exist between the manufacturer and supplier in this subsection, i.e.  (0,1),
manufacturers bear  part of supplier’s quality improvement costs .Same to the non-cooperative
scenario, uses the inverse-order induction method to solve for the optimal quality and advertising
investments of supply chain members. The optimal advertising and quality investments decisions of the
manufacturer and supplier at the post-recall stage are solved firstly, and then the optimal advertising
and quality investments decisions of the manufacturer and supplier at the pre-recall stage are solved.

Post-recall stage of a product recall in cooperative scenario

The optimal control problems of the manufacturer and supplier are as follows:
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Applying dynamic planning method, it can be shown that HJB equation for the manufacturer and
supplier at the post-recall stage are:
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where the superscript C denotes the cooperative scenario, C C
M2 S2,V V respectively denote the optimal

value functions of the manufacturer and supplier at the post-recall stage, and the boundary
conditions C

M2lim 0rt

t
re V


 and C

S2lim 0rt

t
re V


 are satisfied. By solving the HJB equations (20) (21) to

obtain the feedback solution of the Stackelberg game in the cooperative scenario, Proposition 3 shows
the equilibrium decision and optimal value function of the firms at the post-recall stage in the

(28)
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cooperative scenario.
Proposition 3 In the cooperative scenario, the optimal advertising and secondary quality

investments of the manufacturer and the optimal primary quality investments of the supplier at the
post-recall stage are:
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The best-value function for the manufacturer and supplier at the post-recall stage in the
cooperative scenario are:
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, respectively. The 5F and 6F expression shows in the

appendix due to their complexity.
Following Proposition 1, manufacturers' optimal strategies in terms of advertising investments and

secondary quality investments, as well as suppliers' optimal strategies in terms of primary quality
investments, are independent of the likelihood of product recalls and the extent of crisis damage, and
are positively and positively related to the market demand sensitivity to goodwill. This implies that as
market sensitivity to goodwill rises, these optimal strategies strengthen accordingly. It is worth noting
that the manufacturer's optimal secondary quality investment strategy and optimal advertising
investment strategy under the cost-sharing contract are consistent with the no contract scenario
( 2 2 2 2,C N C Nv v A A  ), however, this contractual mechanism positively affects the supplier's primary

quality investment decision ( 2 2
C Nu u ). In the cooperative situation, the manufacturer effectively

reduces the burden on the supplier through the cost-sharing contract, which makes the supplier willing
to invest more primary quality effort in the cooperative situation than in the non-cooperative situation.
This cooperative mechanism leads to the production of higher quality products than in the
non-cooperative situation.

Then why did the manufacturer not change its advertising and quality input strategies under the
cost-sharing contract? The reason is that the cooperation between manufacturers and suppliers is
complementary. While the manufacturer's advertising and quality inputs are designed to enhance the
overall competitiveness and market presence of the product, the supplier's primary quality investment
is key to ensuring the basic quality of the product. Under the cost-sharing contract, although suppliers
have more resources to invest in primary quality, it does not mean that manufacturers can neglect their
own advertising and quality inputs. This is because only when the manufacturer's advertising and
quality inputs are coordinated with the supplier's quality investment can the overall quality and
goodwill of the product be maximized, so as to achieve the overall optimization of the supply chain and
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maximize profitability. Therefore, manufacturers keep their advertising and quality investment
strategies unchanged under the cost-sharing contract in order to ensure that the cooperation with
suppliers can generate maximum synergies and jointly enhance the competitiveness and market
position of their products.

Pre-recall stage of a product recall in a cooperative scenario

The expected profits of suppliers and manufacturers denote by C
S1( )t , C

M1( )t :
C C
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where C C C C
M2 M2 S2 S2( ) ( ) , ( ) ( ) ,rt rtJ e t dt J e t dt 

  

 
     respectively denote the net present

value of the manufacturer's and supplier's profits at moment τ. Equation (22) can be transformed
according to the integration of divisions and algebraic operations:
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Applying dynamic planning method, it can be shown that the optimal control problem of the
manufacturer and supplier at the pre-recall stage are:
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Hence the HJB equation of the manufacturer and supplier at the stage before product recall are:
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where the superscript C denotes the cooperative scenario, C
M1,V C

S1V denote the optimal value functions
of the manufacturer and the supplier at the post-recall stage, and satisfy the boundary

(39)

(40)
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conditions C C
M 1 S 1lim 0, lim 0 .rt r t

t t
re V re V 

   
  The additional terms denote the changes of the

manufacturer’s and supplier’s expected profits from the pre-recall stage to the post-recall stage,
i.e. C C

M2 M1((1 ) , ) ( , ),V G Q V G Q  C C
S2 S1((1 ) , ) ( , ).V G Q V G Q  By solving the above HJB equations (26)

(27), the feedback solution of Stackelberg game in the cooperative scenario is obtained, and Proposition
4 shows the equilibrium decision-making of the firms and the optimal value function at the pre-recall
stage in the cooperative scenario.

Proposition 4 In the cooperative scenario, the manufacturer's optimal advertising and secondary
quality investments and the supplier's optimal primary quality investments at the pre-recall stage are:
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The optimal value function of the manufacturer and supplier products at the post-recall stage in
the cooperative scenario are:
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where    C C ( ) C C ( )
0 0 0 0( ) , ( ) .t tQ Q Q e Q G G G e G             C C,Q G are optimal paths

of product quality and goodwill. 7 8,F F expressions shows in the appendix due to their complexity.
Proposition 2 is further echoed by revealing that the manufacturer's optimal strategy in terms of

advertising investments and secondary quality investments, as well as the supplier's optimal strategy in
terms of primary quality investments, are positively related to the market demand sensitivity to
goodwill. This implies that as the market sensitivity to goodwill increases, supply chain members will
increase the corresponding investment to enhance the alloying power of product goodwill. Meanwhile,
these equalization strategies are negatively related to the degree of crisis damage, suggesting that
manufacturers and suppliers would be more prudent in formulating advertising and quality investment
strategies in the face of a potential crisis. Moreover, consistent with Proposition 3, the optimal level of
secondary quality investments as well as the optimal advertising investment strategy of manufacturers
in the pre-crisis phase are equal to those in the no-contract scenario under the cost-sharing contract
( 1 1 1 1,C N C Nv v A A  ), and the level of primary quality investments of suppliers under the cost-sharing

contract is greater than that in the no-contract scenario ( 1 1
C Nu u ). This implies that the cost-sharing

contract does not change the manufacturer's pre-crisis investment strategy and that the cost-sharing
contract effectively incentivizes the supplier to increase primary quality investments, which in turn
improves the overall quality of the product. We further analyze that suppliers' primary quality

investments are positively related to cost-sharing ratios( 1 20, 0
C Cu u 
 

 
). As the cost-sharing ratio

set by the manufacturer increases, the cost burden of the supplier gradually decreases, so that the
supplier has more money for primary quality investments. This cost-sharing mechanism not only
reduces the economic pressure on suppliers, but also motivates them to invest more in primary quality
efforts. Therefore, through a reasonable cost-sharing contract design, manufacturers can effectively
incentivize suppliers to increase primary quality inputs and improve the overall quality and
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competitiveness of their products.

Equilibrium Analysis

In order to achieve long-term stable development, forward-thinking managers pay close attention to
two key factors and flexibly adjust their strategic layout according to their changes: one is the likelihood
of product recalls and the other is the degree of damage caused by product recalls. In this subsection,
we use numerical simulation to analyze how the different characteristics of recall events affect the
equilibrium decision and equilibrium profit of a firm by assigning different values to these two factors.
In order not to lose generality referring to the setting of Mukherjee et al (2023), the benchmark
parameters are set as follows: h          ，

0.05, 30, 100, 10r p a w        . We assume high recall likelihood ( 0.5  ) , low recall
likelihood ( 0.1  ) , high recall shock ( 0.5  ) , low recall shock ( 0.2  ) , and the values of the
corresponding goodwill impact parameters are shown in Table 3.

Table 3: Values of goodwill influencing factors corresponding to recall shock degree
degree of recall shock  The values of ik The values of 

High ( 0.5  ) 1 210, 5k k       
Low ( 0.2  ) 1 210, 7k k       

The effect of recall likelihood and the extent of recall damage on equilibrium decisions

（a） 0.2  (b) 0.5 
Figure 1: & impact on manufacturers' advertising investment decisions

Figure 1 reveals the following phenomenon: regardless of whether the level of recall damage is
high or low, a manufacturer's advertising investment in the pre-recall phase decreases as the likelihood
of a recall occurring increases. Moreover, manufacturers' equilibrium advertising investment function
declines significantly faster when recall damage is high. This trend suggests that manufacturers
prudently adjust their advertising investment strategies in the face of potential product recall costs,
especially when recall damages are expected to be high, and that manufacturers reduce their
advertising investment more rapidly to cope with the possible negative impacts.
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（a） 0.2  (b) 0.5 
Figure 2: & impact on Suppliers’ primary quality investment decisions

Figure 2 clearly demonstrates the trend that suppliers' balanced primary quality investment
decisions prior to a recall are positively correlated with the likelihood of a crisis occurring under
different scenarios of high or low recall damage. In other words, when the cost of a product recall
increases, suppliers increase their primary quality inputs accordingly, aiming to prevent potential
product recalls by improving product quality. This strategy reflects the high importance that suppliers
place on product quality and market reputation.

However, it is worth noting that the rate of increase in the supplier's equilibrium primary quality
input function slows down when the recall damage level is high. This may be due to the fact that in high
damage scenarios, suppliers face greater economic pressure and uncertainty, leading them to be more
cautious in increasing their primary quality inputs. In addition, high damage scenarios may also prompt
suppliers to make finer trade-offs in resource allocation to ensure that quality improvements are made
while also taking into account cost control and overall economic efficiency. Such strategic adjustments
reflect the complex decision-making process of suppliers in responding to the cost of a high-damage
recall.

（a） 0.2  (b) 0.5 
Figure 3: & impact on manufacturers' sub-quality investment decisions

Figure 3 further reveals the relationship between a manufacturer's primary quality investment
decisions in the pre-recall phase and the likelihood of a recall occurring. Regardless of whether the level
of recall damage is high or low, the manufacturer's primary quality input decision decreases as the
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likelihood of recall increases. This phenomenon suggests that manufacturers may adjust their primary
quality input strategies in the face of potential product recall costs. Notably, the rate of decrease in the
manufacturer's primary quality equilibrium function in the pre-recall phase accelerates significantly
when the level of recall damage is high. This may be due to the fact that, when faced with a high level of
recall damage, manufacturers will be more inclined to reduce their primary quality inputs in order to
mitigate the potential economic burden. However, this strategy may require a trade-off between product
quality and cost control to ensure that recall cost is reduced without disproportionately affecting
product quality.

The effect of recall likelihood and the extent of recall damage on equilibrium profits

（a） 0.2  (b) 0.5 
图 4: 与对制造商营销投入决策的影响

Figure 4(a) illustrates the manufacturer's profit function for the non-cooperative and cooperative
scenarios, which intersect at one point. When the predicted likelihood of recall occurrence is lower than
this intersection point, the manufacturer's profit is significantly higher in the cooperative scenario than
in the non-cooperative scenario. In this scenario, manufacturers are more likely to enter into
cost-sharing contracts with suppliers to more effectively coordinate the supply chain to address
potential recall costs. However, once the likelihood of a recall exceeds this intersection, manufacturer
profits in the non-cooperative scenario instead exceed those in the cooperative scenario, at which point
the manufacturer lacks incentives to cooperate with the supplier.

Turning to Figure 4(b), we observe that manufacturers' profit functions in the non-cooperative and
cooperative scenarios similarly intersect at one point. However, it is worth noting that the intersection
point in Figure (b) corresponds to a significantly lower likelihood of recall occurrence than the
intersection point in Figure (a). This phenomenon reveals that the manufacturer's sensitivity to the
likelihood of recall occurrence increases when the recall damage level increases. In this case,
manufacturers may be more inclined to adopt a conservative strategy because they perceive the market
environment to be full of uncertainty and instability. As a result, manufacturers may be more inclined to
self-protect in the face of a higher cost of recall damage than to seek cooperation with their suppliers.
This trend highlights manufacturers' strategic choices and cost preferences in the face of different levels
of recall damage.
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（a） 0.2  (b) 0.5 
图 5: 与对制造商营销投入决策的影响

Figure 5 clearly shows the trend of the supplier's profit function in the cooperative and
non-cooperative scenarios. As the likelihood of recalls increases, the profit functions in both scenarios
trend downward and intersect at a certain point. Specifically, when the manufacturer's predicted
likelihood of a product recall occurring is below this intersection point, the supplier's profit is higher in
the cooperative than in the non-cooperative scenario. This means that in this case, suppliers have an
incentive to cooperate with the manufacturer. However, when the likelihood of recalls exceeds this
intersection, suppliers are more profitable in the non-cooperative context.

It is often assumed that in the cooperative scenario, the manufacturer helps the supplier to bear
some of the cost pressure, thus motivating the supplier to prefer to cooperate with the manufacturer.
However, our analysis shows that the reality is not so simple. Combining the observations in Figures 2
and 3, we can see that manufacturers progressively reduce secondary quality inputs as the likelihood of
recalls increases, while suppliers progressively increase primary quality inputs. In our model, product
quality is jointly determined by the joint quality efforts of both parties. When the positive utility of the
supplier's increase in primary quality input is not sufficient to offset the negative impact of the
manufacturer's decrease in secondary quality input, product quality may decrease rather than increase.
Thus, although the manufacturer's help in a cooperative situation may appear to be beneficial to the
supplier, in some cases such cooperation may not always be beneficial to the supplier's profit
maximization. When deciding whether to partner with a manufacturer, suppliers need to consider the
likelihood of a recall, the quality input strategies of both parties, and the impact of product quality on
profits. This combination of considerations makes the supplier's decision when faced with the cost of a
recall more complex and nuanced.

Conclusion

Based on the research in this paper, the following managerial insights are obtained: (1) whether in
cooperative or non-cooperative situations, the pre-recall stage corporate advertising and quality
investment decisions are affected by the recall likelihood, and manufacturers predicting a higher
likelihood of recall will reduce the corresponding advertising and quality inputs to save costs and to
prepare for the necessary expenditures in the post recall stage of the product; and the post-recall stage
corporate advertising and quality investment decisions are independent of the recall possibility. (2)
When consumers pay more attention to product quality, firms would increase their advertising and
quality inputs, even though this would increase the corresponding marketing and operating costs. (3)
Manufacturers can effectively incentivize suppliers to make more primary quality inputs and improve
product quality through cost-sharing contracts. (4) The effectiveness of the cost-sharing contract in
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coordinating the supply chain is affected by the likelihood of recalls and the extent of recall damage, and
cooperation can only be achieved when both are relatively small. In addition, this paper considers the
quality and advertising strategy adjustments made by supply chain members in response to product
recalls, exogenizing price, and pricing strategies. This paper considers the role of cost-sharing contracts
in supply chain coordination, and may also consider the coordination role of other types of contracts.
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